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Chapter 1

Reminder/Notation

1.1 Matrix p-norms

Let H = C9 be a finite-dimensional complex Hilbert space. We denote by B(H) the set of (bounded) linear operators
on H, i.e. of d x d complex matrices. Given X € B(H), its Schatten p-norm is defined as

1 .
111, = (Tx (X)) for p € N and || X[|oo = lim [IX]|,

where | X| = (X*X)Y/2. Equivalently, denoting by s1(X) > --- > 54(X) > 0 the singular values of X (i.e. the
eigenvalues of | X|), we have

d 1/p
11, = (Z &-(X)p) for p € N and [ X]|e = 51(X).

i=1
The most notable cases are p = 1 (trace norm), p = 2 (Hilbert-Schmidt norm), p = oo (operator norm). The 2-norm
is a Euclidean norm, associated to the scalar product

V X,Y € B(H), (X,Y) =Tr(X*Y). (1.1)

Important properties of these Schatten p-norms include:

1. Ordering: forall 1 <p < g < oo, || lg < llp-

2. Duality (with respect to the scalar product introduced in equation ): forall 1 < p < oo, | X, =
sup{| Te(X*Y)| : |Y|l,» = 1}, where 1/p + 1/p’ = 1. In particular, || - ||; and || - ||cc are dual to one another,
while || - ||2 is self-dual.

1.2 Prerequisites on the mathematical formalism of quantum physics

A system is described by a complex Hilbert space H. We will only consider finite-dimensional systems, so that H
can be identified with C? for some d € N.

A state of system H is described by a density operator, i.e. a Hermitian, positive semi-definite operator on H
that has trace 1. We denote by D(#) the set of density operators on H, i.e.

DH)={peBMH):p"=p, p=0, Tr(p) =1}.
Equivalently, D(#) is the convex hull of rank 1 projectors on H, i.e.
D(H) = conv {[p)p| : o € H, [lo] =1}.

States of the form |p) |, for ¢ € H a unit vector, are called pure states and are exactly the extreme points of D(H).
An observable of system H is described by a Hermitian operator on H, i.e. X € B(H) such that X* = X. Given
an observable X, its expectation value when measured on a system in state p is

(X)p =Tr(Ap).



A measurement of system H is described by a collection of Hermitian positive semi-definite operators on H that
sum up to the identity, i.e. M = {M;};cr such that, for all i € I, M = M; and M; > 0, and ), ., M; = 1. Given
a measurement M = {M,};cs, the probability that outcome i € I is obtained when it is measured on a system in
state p is

Py (i) = Te(M;p).

It is easy to check that {P,(i)}ics is indeed a probability distribution: for all i € I, P,(i) = Tr(M; ) 0 because
Mi,p>0,and ), P,(i) = >, c; Te(M;p) = Tr((D2,c; Mi)p) = 1 because ), ., M; =1 and Tr(p) =

1.3 Quantum information quantities

Let H = C? be a finite-dimensional complex Hilbert space.

1.3.1 Quantum entropy and relative entropy

Given p € D(H), its eigenvalues A1 (p), . .., Aa(p) are non-negative and summing up to 1, so A(p) = {A1(p),..., Aa(p)}
can be viewed as a finite probability distribution. The von Neumann entropy of p is defined as

S(p) = = Tr(plog(p)).

It can be seen as the Shannon entropy of A(p). Indeed, we have

S(p) = = Tr(plog(p) ZA Jlog(Xi(p)) = H(A(p)).

It is easy to see that we always have
0 < S(p) < log(d),

with equality in the first inequality iff p is pure and in the second inequality iff p = I/d is maximally mixed.
Given p,o € D(H), their relative entropy is defined as

S(pllo) = ( (log(p) —log(a)))-

S(pllo) is always non-negative. And if ker(o) ¢ ker(p), then S(pl||lo) is infinite. The following lower bound on the
relative entropy between two states, in terms of thelr 1 -norm distance, is known as Pinsker inequality. As a direct
consequence we have that S(p|jo) = 0iff p = 0. So S(p||o) can be seen as a distance measure between two states p
and o.

Proposition 1.3.1. For any p,o € D(H), we have

S(pll7) > 7o llo = ol

As a corollary of Proposition we have that the von Neumann entropy is strongly concave.
Corollary 1.3.2. For any p,p’ € D(H) and any 0 < A < 1, we have
A1 =N)
e PR
21og(2)

Proof. To prove Corollary [1.3.2] we just have to observe that, by definition of the relative entropy, we have the
identity

S(Ap+ (1 =X)p) = AS(p) + (1 = N)S(p') +

SAp+ (1 =X)p") = AS(p) = (1 =N)S(p') = AS(pl[Ap + (1 = A)p') + (1 = N)S (' [[Ap + (1 = A)p).
Now, by Proposition [1.3.1] we know that the right-hand side of the above equality is lower bounded by

A _ _ /(12 1-A /o _ / 27@ _ 12
Tog@ 1P Yo (1= N+ gl = O+ (L= NI = Sl = At

and this concludes the proof. O

Another important property of relative entropy is its joint convexity, as explained below.

Proposition 1.3.3. For any p,p’,0,0’" € D(H) and any 0 < X < 1, we have
SO+ (1= Nl IAo + (1= No') < AS(pllo) + (1 = N)S(o' o).



1.3.2 Quantum fidelity
Given p,o € D(H), their fidelity is defined as

1/2
F(po)=Tx ((p1/2op1/2) ) [0
F(p, o) takes values between 0 and 1, with F(p,0) = 0 iff p and o are orthogonal and F'(p,0) = 1 iff p = 0. The

fidelity between two states is related to their 1-norm distance through so-called Fuchs / van de Graaf inequalities.

Proposition 1.3.4. For any p,o0 € D(H), we have

1 1/2
1= Flp,0) < 5llo—olls < (1= F(p,0)*)"".



Chapter 2

Multipartite quantum systems

Main references for this chapter:
e [I] Chapter 0 Section 0.4 and Chapter 2 Section 2.2.
e [5] Chapter 1 Section 1.5.

2.1 Tensor product of Hilbert spaces

2.1.1 First definitions

Let H1,...,H, be complex finite-dimensional Hilbert spaces. For each 1 < k < n, denote by {egk), .. .,egz)} an
orthonormal basis of Hy, where d, = dim(Hy). Then, the tensor product of H,...,H, is defined as the complex
finite-dimensional vector space H = H; ® - -+ ® H,, having as orthonormal basis

[V o @el 1< <di, 1< in <da.

’il 1
This means that any vector ¢ € H can be written as

o= Y enadeed

1<i1<d17---a1<in<dn
where the ;,...;, ’s are complex numbers. Observe also that, by definition,

dim(H) = dim(H;) x -+ x dim(H,,).

Given vectors ¢ = Z?::l Ef)egf) € Hg, for each 1 < k < n, their tensor product vector 1 ® - ® @, €
Hi® - ®H, is defined as
V1R ®p, = Z @Ef)...ap,(;:)ef;ll)®-~-®e§:).

1<i1<da e, 1<00 <y,
In other words, we have a multilinear map
(1, s pn) EHLX - X Hn @1 Q@ @ pp EH1 @ -+ @ Hn,
and Hq ® --- ® H,, can be viewed as the linear span (over the complex field) of product vectors, i.e.
H=H1® - @Hp=span{p1 @ - Q@n : 01 € H1,...,0n € Hp}.

‘H carries a natural Hilbert space structure, inherited from the Hilbert space structure of Hy, ..., H,. It is given
by the inner product defined for product vectors by

Vo, xt €Hi, s @0nXn € Hny (01 @ @@n|X1 @+ @ xn)n = (P1IX1) 1, X - X {@nlXn)H,ns

and extended to H by sesquilinearity. H is often called a multipartite, or more precisely n-partite, Hilbert space
(or bipartite Hilbert space when n = 2).



Remark 2.1.1. Let us illustrate the above definitions in the bipartite case, i.e. n = 2. Denoting by {e1,...,eq, }
and {f1,..., fa,} orthonormal bases of H1 and Hz, {e;, ® fi, : 1 <41 < dy, 1 < iz < dao} is an orthonormal basis
of H="H1 ® Ho. This means that any vector ¢ € H can be written as

di  da

Y= Z Z PiiaCiy ®fi2'

i1=1iy=1
If we have two vectors x = Z?;l Xi€i € H1 and w = Z?il w; fi € Ha, their tensor product is simply

dy  da

X®w= Z Z XirWin€i; @ fiy-

i1=112=1

Example 2.1.2. Let us write things down even more concretely in the simplest case where Hy = Ho = C2. We
then have H = C2 ® C? = C*, but instead of labeling its orthonormal basis by the indices 1,2,3,4, we label it by the
indices (1,1),(1,2),(2,1),(2,2). Hence, we write ¢ € C> ® C? as

We can identify the set of bounded operators on H with the tensor product of the sets of bounded operators on
the Hy’s, i.e.
BH1® - ®@Hn) =B(H1) @@ B(Hn).

Indeed, the vector space on the right-hand side is clearly included in the vector space on the left-hand side, and
both have the same dimension d? x - -- x d2 (over the complex field). Concretely, we can identify their orthonormal
bases: for all 1 <iy,j1 < d1,...,1 <in,jn < dp,

eV @ el @@l = e Nl @ @ e Nel).
Remark 2.1.3. Let us again illustrate things better in the bipartite case. Denoting by {e1,...,eq,} and {f1,..., fa,}
orthonormal bases of Hi and Ha, {|ei, Xej,| @ | fi, )X fin| 1 1 <ir, 51 < di, 1 <'ig, jo < da} is an orthonormal basis of
B(H) = B(H1 ® Ha). This means that any operator X € B(H) can be written as

dy do

X = Z Z Xi1i2j1j2|ei1><ej1‘ ® |fzz><f]2|

i1,j1=112,j2=1

If we have two operators Y = foj:l YijleiXe;| € B(H1) and Z = 2?3:1 Zii| fiXfj| € B(Hz2), their tensor product
15 simply
dq do
Y®Z= Z Z }/ilj1Zi2j2|€i1><ej1| ® ‘f12><f]2|
i1,J1=112,j2=1
A sometimes convenient way of writing a bipartite matriz X € Mg, q,(C) is as a block matriz X = (X;j)1<i j<d:»
where X;; € Mg, (C) for each 1 <i,j < dy. Concretely, we have

X1 - Xuag
X = : : )
Xa1 o Xayay
where, for each 1 <1i,j < dy,
Xiajr o Xitjds
X;=| :
KXidoj1  * Xidojds



Example 2.1.4. In the simplest case where H1 = Ha = C?, we have B(H) = B(C?>® C?) = M4(C). And we write
X € B(C?* ® C?) as
Xir Xy Xiior Xiioeo
Y Xio11 Xiziz Xioon Xiooo | _ (Xn X12>
Xo111 Xorz Xoio1 Xo122 Xo1 Xoa)~
Xoo11  Xo212 Xooor X222

Note that, given operators X; € B(H1),...,X, € B(H,), the action of the product operator X; ® - - ® X, on
product vectors factorizes, i.e. for any vectors 1 € H1,...,pn € Hn,

(X1® - @Xn) (1 ® @ ¢p) = (X1p1) ® -+ @ (Xppn).
We also have that the product of two product operators X; ® ---® X,, and Y7 ® --- ® Y,, factorizes as
(Xi® - X,)1® Y, =X1Y1)® - (X,Y,).

What is more, one can check that the eigenvalues, resp. singular values, of a product operator are the product
of the eigenvalues, resp. singular values, of the individual operators. As a consequence, the tensor product satisfies
the following important properties.

Proposition 2.1.5. First, the tensor product of Hermitian, resp. positive semi-definite, operators, is a Hermitian,
resp. positive semi-definite, operator. Second, the Schatten p-norms and the trace of a product operator factorize.
Concretely, this means that, for any X; € B(H1),...,Xn € B(Hy),

1 (X1®-0X,) =X7® - ®@X, sothat X{ =X1,..., X} =X, implies (X190 0X,) " =X1Q® - ®@X,;
2. X, >0,...,X, >0 implies X, @ --- @ X,, > 0;

3. foralll <p<oo, |[Xi® - @Xpulp=1X1llp- | Xnllp;

4. Tr(Xh ® - @ X,) =Tr(Xy) - - Tr(X,).

2.1.2 Partial trace

A fundamental concept when dealing with multipartite Hilbert spaces is that of partial trace. Given a Hilbert space
H="HH ® - ®H, and an index 1 < k < n, the partial trace over Hj, denoted Try, , is the linear map from
BH1®Q - @Hy) to B(H1® - @ Hi—1 @ H41 ® - - @ H,,) that acts as the trace on B(Hy) and the identity on
the other tensor factors, i.e.

Try,, =idpp,) @ -+ @idp,_y) @ Trp,) @idp,,,) © - @1dp,) -

For simplicity of notation, let us focus on the bipartite case, i.e. n = 2. The partial trace over (say) Hz is the
linear map Try, : B(H1 ® He) — B(H1) that acts on product operators as

']:‘]1",1.[2 (X1 &® XQ) = TI'(XQ) Xl,

and is extended to B(H; ® Hs) by linearity. It can be equivalently characterized as being the unique linear map
from B(H1 ® Ha) to B(H1) satisfying

VX € B(Hy ®Ha),Y € B(H1), Tr(X(Y ® 1)) = Tr (Trgg, (X)Y). (2.1)

Concretely, denoting by {ey,...,eq, } and {f1,..., f4, } orthonormal bases of H; and Hs, an operator X € B(H; ®

Hs) can always be written as
ds ds

X=3 3 XinjglenXenl ® £ X fl.

i1,j1=112,j2=1
and we have

d do do
Ter(X) = Z ( Xiﬂéjliz) ‘ei1><ej1| = Z<fl2‘X|fZ2>

i1,J1=1 \i2=1 i2=1

However, Try, is independent of the orthonormal basis {f1,..., f4,} of Hs that is chosen to perform the trace.



Remark 2.1.6. The partial trace can be easily described in the block representation introduced in Remark [2.1.3
Indeed, if we write Z € Mg, q,(C) as a block matrix Z = (Z;;)1<i j<d,, where Z;; € Mg, (C) for each 1 < i,j < dy,
we have Try, (2) = (Tr(Zi5))1<i,j<d; € Ma, (C).

Example 2.1.7. If we look at the case where Hi = Hs = C2, we see that, given X € B(C? ® C?) as in Ezample
Try, (X) € B(C?) = My(C) is simply

Trs, (X) = X+ Xi2i2 X + Xuoo ) _ (Tr(X11)  Tr(Xa2)
e Xo111 + Xoo12 - Xo121 + Xoooo Tr(X21) Tr(Xa2g))~

Proposition 2.1.8. The partial trace preserves the trace, hermiticity and positivity. Concretely, this means that,
for any 1 < k < n, we have, for any X € B(H1 ® - @ Hy),

1. Tr(Try, (X)) = Tr(X);

2. (Try,, (X)) = Try, (X*), so that X* = X implies (Try, (X))" = Tryy, (X);

3. X > 0 implies Try, (X) > 0.

Proof. We can suppose without loss of generality that n = 2, i.e. H = H; ® Hs, and k = 2, i.e. the partial trace
is performed over Hy (otherwise, we simply have to set H) = H1 @ -+ @ Hi—1 @ Hiy1 @ - -+ @ Hp, Hby = Hy and
observe that H = H} ® H)). Points (1) and (2) are easy to check writing things in coordinates, as done above.
As for point (3), we will use the characterization of the partial trace provided by equation . Suppose that
X € B(H1 ® Ha) is positive semi-definite. Equivalently, this means that, for any Y € B(H; ® H2) that is positive
semi-definite, Tr(XY') > 0. In particular, for any Z € B(H;1) that is positive semi-definite, Z ® I € B(H1 ® Hz) is
positive semi-definite, and hence Tr(X(Z ®1)) > 0. Now, by equation (2.1, Tr(X(Z ®1)) = Tr(Try,(X)Z). So we
have shown that, for any Z € B(H;) that is positive semi-definite, Tr(Try, (X)Z) > 0, which equivalently means
that Try, (X) € B(H1) is positive semi-definite. O

2.1.3 Schmidt decomposition of a bipartite vector

We focus on the case where n = 2, i.e. H = H1 ® Ho = C4 ® C? is a bipartite Hilbert space.
As we have already explained, denoting by {e1,...,eq, } and {f1,..., fa,} orthonormal bases of C% and C%, a
vector p € CT @ C% can always be written as

di  da

Y= Z Z Piriz iy ®fi2'

i1=1liz=1
We can thus identify ¢ with a matrix M, € Mg, q4,(C), defined as

d da

M¢ = Z Z ¢i1i2|€i1><fi2|-

i1=1142=1

We recall the notion of singular value decomposition of a matrix M € My, 4,(C): Let d = min(d;, d2). There
exist (uniquely determined) non-negative numbers s; > --- > s4 as well as orthonormal families {uq,...,uq} and
{v1,...,0v4} in C¥ and C*® such that

d
M =" silui)vil.
=1

The s;’s are called the singular values of M and are in fact the eigenvalues of (M*M)l/2 if di > dy and (MM*)l/2
if dy > d;. Translating this to the corresponding vector ¢, € C* @ C%, we obtain its so-called Schmidt decom-

position, i.e. a decomposition of the form
d

M= Zsiui @ v,

i=1
where the s;’s are called the Schmidt coeflicients of ¢;.
Given a vector ¢ € C* @ C%, with Schmidt decomposition

d
p = E Siu; & Vs,
i=1



the smallest r < d such that, for all i > r, s; = 0, is called the Schmidt rank of ¢, and denoted SR(y). It is equal
to the rank, as an operator, of the corresponding matrix M.

Note that this identification between elements of C% @ C% and My, 4,(C) is an isomorphism between Hilbert
spaces, that preserves the scalar product, i.e.

Vo, x €CH®@C™=, (px) =Tr (M;M,).

The Euclidean norms of a vector ¢ € C% @ C% and its matrix version M, € Mg, 4,(C) are thus the same, i.e.

d 1/2
el = | Myll, = (Z S?) :
i=1

Besides, the operator norm of M., corresponds to the so-called maximal overlap with product tensors of ¢, i.e.

sup {(¢lx1 ® x2) : x1 € C, x2 € C%, |xall = [x2ll = 1} = [ My, = s1.

Example 2.1.9. If we look at the case where Hi = Hy = C?, we see that, given ¢ € C?> @ C? as in E:mmple

M, € M5(C) is simply
M, = (9011 <P12) .
Y21 P22

2.1.4 Mathematical description of multipartite quantum systems

If a quantum system is composed of n distinguished subsystems, that are individually described by Hilbert spaces
Hi, ..., Hn, then it is globally described by the tensor product Hilbert space H = H1 ®- - -®@%H,,. Here ‘distinguished
subsystems’ might refer to either spatially separated parts of a system (e.g. two particles) or to different degrees of
freedom of a system (e.g. spin and position).

A state of such multipartite quantum system H is described by a density operator p on H, i.e. p € B(H) such
that p* = p, p > 0 and Tr(p) = 1. Given 1 < k < n, the state of subsystem k alone, discarding all other subsystems,
is given by the so-called reduced state py on Hy, i.e.

Pk = Tra, 0 @M @M1 @H (P)-

By Proposition 2.1.8 we know that pj, is indeed a valid density operator, since the partial trace of a Hermitian,
positive semi-definite trace 1 operator remains a Hermitian, positive semi-definite trace 1 operator. More generally,
given a subset of indices K C {1,...,n}, the state of subsystems whose index is contained in K, discarding all
subsystems whose index is not contained in K, is given by the reduced state px on @, . x Hr, i-e.

rx =Trg, . 1.(p)-

Remark 2.1.10. Let us make a brief analogy between quantum and classical states, i.e. between density operators
and probability distributions. The analog of a bipartite density operator p, on a product Hilbert space Hi ® Ha,
is the joint probability distribution P of a pair of random variables (X1, Xs), taking values in a product space
{1,...,d1} x {1,...,d2}. In the latter setting, the probability distribution of X1 alone is the marginal probability
distribution Py obtained by summing P over all values of X5, i.e.

da
V1<z <di, Pi(zy) = Z P(xq,x2).

fEQ:l

This corresponds to taking the partial trace over Ha of p in order to obtain the density operator p1 on Hi alone.

2.2 States on tensor product Hilbert spaces

Let H =H1 ®--- ® H, be a multipartite Hilbert space.



2.2.1 Entanglement vs separability

A pure state p = |p)p| on H is called separable if the unit vector ¢ € H is a product vector, i.e. if there exist unit
vectors @1 € Hi,...,0n € H, such that ¢ =1 ® - -+ ® ¢,,. In this case, we have

p=lpi)p1] ® - @ |pn)pnl-

A mixed state p on H is called separable if it can be written as a convex combination of pure separable states,

i.e. if there exist unit vectors gpgi) € Hq,.. .,@S) € H,, 1 < i< r, and non-negative numbers Ap, ..., \, summing
up to 1 such that

p=> Xl N @ @ [N,
i=1
We denote by S(H) C D(H) the set of separable states on H. We thus have by definition

S(M) = conv {|p1 1] @ -+ @ |enXon| : 01 € His ooy on € Ha, o1l =+ = llenll =1},

and pure product states are exactly the extreme points of the convex set S(#H) (as pure states are exactly the
extreme points of the convex set D(H)). Since D(Hy) = conv{|prXvk| : ox € Hi, |lekll = 1}, for each 1 < k < n,
S(H) can in fact be equivalently described as

S(H)=conv{p1 ® - ®pp: p1 ED(H1),...,pn € D(H,)}.

Definition 2.2.1. 4 state p on H is called separable if it can be written as a convex combination of product states,
i.e. if there exist states pgz) € D(H4),... ,pgf) € D(H,), 1 < i < r, and non-negative numbers A1, ..., \,. summing
up to 1 such that

.
p=> Nipl! @@ (2.2)
=1

A state p that is not separable (i.e. that cannot be written under the form (2.2) ) is called entangled.

Characterizing whether a given multipartite state p is entangled or separable is a fundamental question. Indeed,
if p is separable, it means that the correlations between its subsystems are only classical: p is a probabilistic mixture
of states of the form p; ® - - - ® p,, that have no correlation between subsystems. On the contrary, if p is entangled,
it means that it exhibits genuinely quantum correlations between its subsystems. We will comment more precisely
on this later.

2.2.2 Entanglement witnesses

We explained before that being able to guarantee that a given multipartite state is entangled is a key problem in
practice. One way of achieving this is described in the following easy but important statement.

Theorem 2.2.2. A state p on H is entangled iff there exists W € B(H) such that W* =W satisfying
1. for all separable state o on H, Tr(Wo) > 0;
2. Tr(Wp) < 0.

Proof. We consider the space of Hermitian operators on H as a real Hilbert space, when equipped with the so-called
Hilbert-Schmidt inner product (X,Y) — Tr(XY). In this space, the subset S(H) of separable states is compact
and convex. Hence, by Hahn-Banach separation theorem, any Hermitian operator p on H that does not belong to
S(H) (in particular any p € D(H)\ S(H)) can be separated from S(H) by a hyperplane, i.e. there exist a Hermitian
operator W' on H and some constant ¢ € R such that Tr(W'p) < ¢ while Tr(W'o) > ¢ for all o € S(H). We then
just have to take W = W’ — cI to prove the ‘only if’ part of the statement. While the ‘if” part of the statement is
clear. O

The Hermitian operator W appearing in Theorem [2:2.2]is often referred to as an entanglement witness for p, as it
allows to discriminate p from the set of separable states. More generally, a Hermitian operator satisfying condition
(1) is usually called block-positive. This terminology comes from the observation that W satisfying condition (1) is
equivalent to W being such that, for all unit vectors p1 € H1,...,n € Hn, (p1 @+ @ W1 @ -+ @ ) 2 0,
i.e. for all 1 < k < n, for all unit vectors w1 € Hi,...,05-1 € Hi—1,Pk+1 € Hit1,---,0n € Hpn, W ={p1 Q- ®
k1 @ Qg1 @ @ |W|p1 @ -+ @ 1 @ Qg1 @ -+ @ @) € B(Hy) is positive semi-definite.



2.3 Bipartite case

We focus on the case where n = 2, i.e. H = H; ® Hs is a bipartite Hilbert space.

2.3.1 Entanglement of bipartite pure states

We recall that a unit vector ¢ € H can always be written in its Schmidt decomposition
T
= VAui@uv, (2.3)
i=1

where r = SR(p) < d = min(dy,d2), 1 > A\ = -+ > A\ > 0 are positive numbers summing up to 1 and
{uy,...,u.},{v1,...,v.} are orthonormal families in H;, Hs.

The corresponding pure state p = |¢)p| on H is thus separable iff the unit vector ¢ has Schmidt rank 1. On
the contrary, p is called maximally entangled if the unit vector ¢ has Schmidt rank d and Schmidt coefficients all
equal to 1/V/d, i.e.

d
1
p= E —u; ® v;.
i=1 vd

Example 2.3.1. On C? ® C2, the mazimally entangled state in the canonical orthonormal basis is usually called
the Bell pair state or EPR (Einstein-Podolsky-Rosen) pair state. It corresponds to the unit vector

1
¢ = ﬁ(el X e+ eo ®€2).
It is easy to see that, if the unit vector ¢ € H has Schmidt decomposition (2.3), then the reduced states of
p = |eXp| on Hy and Ho are

pr="Tra,(p) = Y Ailui)ui| and  py = Tra, (p) = > Ailvi)vil-
=1

i=1

This is because

T
p= 3 VAo © oo .
i,j=1
So both p; and p; have the same rank r and the same spectrum {)\,...,\.}, which is usually referred to as the
entanglement spectrum of p. Conversely, given a state p; on some Hilbert space H; that has rank r, there always
exist a Hilbert space Ho with dim(#Hz2) = r and a pure state p = |p)p| on Hi ® Ha such that p; = Try,(p).
Indeed, writing p1 = Y _;_; Xi|u;u;| in its spectral decomposition, we just have to set p = >\, v/A;u; ® v;, where
{v1,...,v,} is an orthonormal basis of H3. Such pure state p is called a purification of p;. It is not unique, as any
unit vector of the form (I® V), for V an isometry, would also provide a purification of p;. So we see from this
discussion that two states p; on H; and ps on H, can arise as the two reduced states of one common pure state
p = |pXp| on Hy @ Hs iff they have the same spectrum.

It is also interesting to note that the pure state p is separable iff its reduced states are pure, while p is maximally
entangled iff its reduced state on the smallest subsystem is maximally mixed. This observation allows to interpret
mixed states on a system of interest as emerging from pure entangled states on a larger system, composed of the
system of interest coupled with an ‘environment’ or ‘ancillary’ system, which is traced out. Indeed, a mixed state
p1 on the single system H; can be seen as the reduced state on H; of a pure entangled state p = |¢)p| on the
composed system Hi ® Hs.

Definition 2.3.2. Given a pure state p = |@Xp| on H, its entanglement entropy E(p) is defined as the entropy of
its reduced state p1 on Hy (or equivalently of its reduced state ps on Ha). Denoting by {\1,...,\.} the entanglement
spectrum of p, as defined above, we have

E(p) = 5(p1) = S(p2) = — Z/\i log(A:).
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Proposition 2.3.3. Let d = min(dy,ds). For any pure state p = |p)Xy| on H, we have

0 < E(p) < log(d),

with equality in the first inequality iff p is separable and in the second inequality iff p is mazimally entangled.

Proof. Tt is immediate from the discussion above. Indeed, F(p) = 0 is equivalent to the reduced states of p being
pure, i.e. to p being separable. And E(p) = log(d) is equivalent to the reduced state of p on the smallest subsystem
being maximally mixed, i.e. to p being maximally entangled. O

The entanglement entropy quantifies the amount of entanglement present in a given bipartite pure state, and
is thus called an entanglement measure. It has the property of being faithful, i.e. equal to 0 iff the bipartite pure
state is separable.

2.3.2 Entanglement measures for bipartite mixed states

The entanglement entropy, introduced in Definition above, allows to quantify how entangled a given bipartite
pure state is. We would now like to be able to do the same with bipartite mixed states. But it is clear that simply
looking at how mixed reduced states are is not enough anymore. Indeed, a separable mixed state, contrary to a
separable pure state, can have very mixed reduced states. For instance, p = p1 ® pa with p; = I/dy and ps = I/dy
is a product state that has maximally mixed reduced states.

Definition 2.3.4. Given a state p on H, its entanglement of formation Er(p) is defined as

Er(p) = mln{ZAE loiXeil) : Z/\|<Pz @i, i>07z>\i=17 v; €H, ||90i||:1}7

i=1 i=1
where E(|¢;)il) is the entanglement entropy of the pure state |;);| on H, as defined in Definition[2.3.4

Proposition 2.3.5. Let d = min(dy,ds). For any state p on H, we have

0 < Ex(p) < log(d),

with equality in the first inequality iff p is a separable state and in the second inequality iff p is a convex combination
of mazimally entangled states. What is more, Er is convez, and if p is a pure state, then Er(p) = E(p).

Proof. From the definition of Fr, we see that Er(p) = 0 is equivalent to the existence of positive numbers \;’s
summing up to 1 and unit vectors ¢;’s such that p =Y. A;|; ) wi| and Y, N\ E(Jei)¢s|) = 0. The latter is satisfied
ift E(JoiXp:|) = 0 for all 4, i.e. |¢; ;| separable for all i. Hence, Er(p) = 0 is equivalent to the existence of a
decomposition of p into a convex combination of separable pure states, i.e. to p being separable.

Similarly Fr(p) = log(d) is equivalent to the existence of positive numbers \;’s summing up to 1 and unit vectors
@;’s such that p = >, Ai|@iXwi| and >, A E(|i)pi]) = log(d). The latter is satisfied iff E(|p;)(¢i|) = log(d) for all
1, i.e. |p; ;| maximally entangled for all <. Hence, Er(p) = log(d) is equivalent to the existence of a decomposition
of p into a convex combination of maximally entangled states.

Finally, let us show that EF is convex. Define o = pp + (1 — p)p/, for p,p’ € D(H) and 0 < p < 1. Let
p =S milxi)xi| and p' = 3, x| be pure state decompositions of pand o' such that Er(p) = 5, i E(Jxe)x)
and Er(p') = 32, i E(G)XD)- Then, o = p>-, pilxa)(x:| + (1 = p) 22, pi|xi)xz| is a pure state decomposition of
o. Hence,

EF(U)—mm{Z/\EI% @il) U—ZM% soz}
<pZuiE Ixa)xil) + (1 —p) ZuE XXX

=pEr(p) + (1 —p)Er (o),

which proves that Fr is convex, as wanted. O
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The entanglement of formation is an entanglement measure that can be seen as the most natural generalization
of the entanglement entropy to bipartite mixed states. Indeed, it is defined as the entanglement entropy on pure
states, and as its so-called convex-roof extension on mixed states. Just as the entanglement entropy, it is a faithful
entanglement measure. We mention that convex-roof extension is a common way of generalizing to mixed states
definitions that are initially suited only for pure states.

Definition 2.3.6. Given a state p on H, its relative entropy of entanglement Er(p) is defined as
Er(p) = min{S(pllo) : 0 € S(H)},
where S(p|lo) = Tr(p(log(p) —log(c))) is the relative entropy between p and o.

Proposition 2.3.7. Let d = min(dy,ds). For any state p on H, we have

0 < Er(p) < log(d),

with equality in the first inequality iff p is a separable state and in the second inequality iff p is a mazimally entangled
state. What is more, Er is convex, and if p is a pure state, then Er(p) = E(p).

Proof. We know that S(p||lo) = 0 iff & = p. Hence,
min {S(p|lo) : 0 € S(H)} =0 < Fo e S(H):S(pllo) =0 < peS(H).

This proves that Er(p) = 0 iff p is separable.

The fact that Eg is convex follows easily from the convexity of the set of separable states and the joint convexity
of the relative entropy. Indeed, let p,p’ € D(H) and 7,7 € S(H) such that Er(p) = S(p||7), Er(p’) = S(p'||7').
Then, for any 0 < p < 1, pr + (1 — p)7’ € S(H) by convexity of S(#H), and thus

Er(pp+ (1 —p)p’) < S(pp+ (1L =p)p'|lpm + (1 —p)7") <pS(plT) + (1 —p)S(Y[|7") = pEr(p) + (1 — p)Er(p),

where the second inequality is by joint convexity of S(-||-), as recalled in Proposition m
We will next admit the following statement: if p = |©)¢| is a pure state, with the unit vector ¢ having Schmidt
decomposition ¢ = Zle VAiu; ® v, then the state 7 € S(H) such that Er(p) = S(p||7) is 7 = Zle i ui u;| @
|viXv;|. We thus have
Er(p) = S(plT) = S(7) = S(p1) = E(p),

and the latter quantity is always at most log(d), with equality iff p is maximally entangled.
Finally, since we have shown that Fr is convex and upper bounded by log(d) on pure states, it is clear that it
is upper bounded by log(d) on all states, which can always be written as convex combinations of pure states. O

The relative entropy of entanglement is one example of a distance measure between a given state and its closest
separable state. Another natural way of measuring such distance is through norms, e.g. one could define, for any
p € N, the p-norm distance of a given p € D(H) to S(H) as

dp (p,S(H)) = min{[|p — o, : 0 € S(H)},

which is equal to 0 iff p € S(H). The most natural case to consider is that of the 1-norm distance to separable states.
Indeed, the latter is related to the relative entropy of entanglement, through Pinsker inequality (see Proposition

1.3.1), by

v p e D(H), Erlp) > ﬁgmdl (p,S(H)).

One can also define the maximal fidelity of a given p € D(H) to S(H) as
F(p,S(H)) = max{F(p,0) : 0 € S(H)},

which is equal to 1 iff p € S(H). The 1-norm distance to separable states is also related to the maximal fidelity to
separable states, through Fuchs / van de Graff inequalities (see Proposition [1.3.4), by

Y p € D), 1 F (. S(H)) < i (p.500) < (1~ P (o 300)°) "
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2.3.3 Entanglement criteria for bipartite states

Deciding whether a given bipartite mixed state is entangled or separable (i.e. deciding whether or not there exists
a convex decomposition of a given bipartite density matrix into product density matrices) is in general a computa-
tionally hard problem. One solution in practice is to find sufficient conditions for entanglement that are easier to
check than entanglement itself.

PPT

We recall that, given an orthonormal basis {ej,...,eq, } of Hi, the transposition on B(H;) with respect to this
basis is the linear map T : B(H1) — B(H1) that acts as

dl dl
T > Xijlees| | = Y Xijle;)eil-
ij=1 Q=1

We then define the partial transposition on B(#) as the linear map I' = T ® id : B(H1 ® Ha) — B(H1 ® Ha).
Concretely, it acts as

dl d2 dl d2
r Z Z Xi1j1i2j2|eil><ej1| ® |f12><fj2| = Z Z Xi1j1i2j2|6j1><ei1| ® |fi2><fj2"
11,j1=112,j2=1 i1,j1=112,j2=1

The (partial) transposition depends on the choice of basis, but the spectrum of the (partial) transposition of a
matrix does not. One crucial difference between transposition and partial transposition, though, is that transposition
preserves the spectrum (i.e. for all X € B(H1), spec(T'(X)) = spec(X)) while partial transposition generally does
not (i.e. there exists X € B(H), spec(I'(X)) # spec(X)).

Definition 2.3.8. A state p on H is called positive under partial transposition (PPT) if T'(p) > 0. We denote by
P(H) C D(H) the set of PPT states on H.

Remark 2.3.9. It is easy to see that the partial transposition preserves the trace (i.e. for all X € B(H), Tr(I'(X)) =
Tr(X)). Therefore, a state p on H is PPT iff its partial transpose T'(p) is a state on H. Hence an alternative way
of describing the set of PPT states is as the intersection between the set of all states and its image under partial
transposition, i.e.

P(H) = D(H) NnT'(D(H)).
Theorem 2.3.10. Let p be a state on H. If p is separable, then it is PPT. In other words, we have the inclusion
S(H) C P(H).

Proof. If p is a product state, i.e. p = p; ® pa with p; € D(H;) and ps € D(H3), we have T'(p) = T(p1) ® p2. Now,
since transposition preserves the spectrum, T'(p1) > 0, and thus I'(p) > 0. More generally, if p = >"'_, /\ipgi) ® pg)
is a convex combination of product states, then by linearity of the partial transposition, I'(p) = Y_/_, /\iT(p(li)) ®pg)
is a convex combination of positive semi-definite operators, and is therefore positive semi-definite. O

Theorem is usually used in its contrapositive form, as a so-called entanglement criterion, namely: if p is
not PPT, then it is entangled. The interest is that checking whether or not a given state is PPT is in general much
easier than checking whether or not it is separable. So entanglement can potentially be guaranteed by a condition
that is much simpler to check.

Theorem 2.3.11. Let p = || be a pure state on H. p is separable iff it is PPT.

Proof. We have already proven in Theorem that p being separable always implies p being PPT (even for
mixed states).

To prove the other implication, let us write ¢ = Y._, v/ Aju; ® v; in its Schmidt decomposition, as defined by
equation . We then have

p= Z VAN i) @ [os)v; ]

ij=1

13



Completing the orthonormal family {us,...,u,} into an orthonormal basis {u1,...,uq4, }, the partial transposition
of p with respect to this basis is

-
= > VA luNu] @ [viv).
ij=1
Suppose that r > 2, so that A1, Ay > 0. Then, it is easy to check that the restriction of I'(p) to span{u; ®vs, us @1 }

is not positive semi-definite. We have thus shown that, if » > 1, i.e. if p is not separable, then p is not PPT.
Equivalently, this means that p being PPT implies p being separable. O

Remark 2.3.12. More precisely, we can show that, given a pure state p = |p)Xp| on H, with go € H having Schmidt
coefficients {\/A; : 1 <i < r}, the spectrum of T'(p) is {\;: 1 <i<r}U{£/ AN :1<i<j<r}.

Theorem 2.3.13. On C?> ® C2, C2 ® C? and C3 ® C2, being separable is equivalent to being PPT. But for all
other dimensions di,ds, there exist PPT states on C* ® C% which are not separable. In other words, for all
(d1,d2) ¢ {(2,2),(2,3),(3,2)}, we have the strict inclusion

S(Ch @ C%2) ¢ P(Ch @ C%).

Realignment criterion

Given orthonormal bases {e1,...,eq, } and {f1,..., fa, } of H1 and Hs, the realignment with respect to theses bases
is the linear map R : B(H; ® Ha) — B(Ha @ Ha, H1 ® H;) that acts as

d1 dl
R Z Z Xiyjrizjalei Xeji | @ [ fia X fia Z Z Xiyjrizjalei X fia| ® leg, X fial-

i1,j1=112,j2=1 i1,j1=112,j2=1

Theorem 2.3.14. Let p be a state on H. If p is separable, then

I1R(p)ll; <1

Proof. If p is a product state, i.e. p = p1 ® pa with p; € D(H1) and p2 € D(H2), we have R(p) = |p1){2|, where
©1 = @p, € H1 @ Hy, TeSp. P2 = pp, € Ha ® Ha, is the vector version of p1, resp. py (as defined in Section [2.1.3).
Hence,

IR(p)llr = lllerXe2llly = llerllllenll = llorlla lo2lly < llprlly [lp2ll, =1

and this concludes the case where p is a product state. More generally, if p = >.._; )\Zpg) ® ,0() is a convex

combination of product states, then by linearity of the realignment and convexity of the 1-norm we have

SR (o o) | < on (o ot)], <1

and this concludes the proof. O

[ |1‘

Theorem is usually used in its contrapositive form, as a so-called entanglement criterion, namely: if p is
such that ||R(p)|j1 > 1, then it is entangled. The interest is that computing the 1-norm of the realignment of a given
state is in general much easier than checking whether or not it is separable. So, with the realignment criterion,
entanglement can potentially be guaranteed by a condition that is much simpler to check (just as with the PPT
criterion).

Theorem 2.3.15. Let p = |p)p| be a pure state on H. p is separable iff |R(p)|1 <1
Proof. Let us write o = >\, v/A\ju; ®v; in its Schmidt decomposition, as defined by equation (2.3). We then have
p=> VA Alwius| @ [viv;]
ij=1

Completing the orthonormal families {u1, ..., u,} and {v1, ..., v, } into orthonormal bases {u1, ..., uq, } and {v1,...,v4,},
the realignment of p with respect to these bases is

= > VAN @ JugXvs| = M, @ M,,

,j=1
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where M, € B(H2,H1) is the matrix version of ¢ (as defined in Section [2.1.3). Hence,
, 2
2
IR = 1My @ Moll, = 1M, ]I} = (Z m) :
i=1

And the latter quantity is at most (in fact equal to) 1 iff r = 1. We have thus shown that r = 1, i.e. p being
separable, is equivalent to p satisfying | R(p)|1 < 1. O

2.3.4 Important examples of bipartite states

We consider the case of a balanced bipartite system, i.e. 1 = Ho = C%.

Isotropic states

Isotropic states on C¢® C? are states which are convex (actually affine) combinations of the maximally mixed state
I/d? and the maximally entangled state |¢))(1)|. They have the form

o= ] + (1 0) 3, (24)

for —1/(d> - 1) < a < 1.
Proposition 2.3.16. For —1/(d?> — 1) < a < 1, let p, be the corresponding isotropic state, as defined by equation
(2.4). The following statements are equivalent:

1. pq is separable;

2. pq s PPT;

3. —1/(d*-1)<a<1/(d+1).

Werner states

The symmetric and anti-symmetric subspaces of C? ® C? are defined as the +1 and —1 eigenspaces of the so-called
flip operator ' on C? ® C?, whose action on product vectors is described by F(p; ® 02) = @2 ® ¢ and extended
by linearity. We thus have

Stigea = {9 €CT@C?: Fp =} and Agigee ={p e C?'@C?: Fp=—¢p}.

We denote by IIg and II4 the orthogonal projectors onto Sgagce and Acagcd. Those can be written as
1 1
HS:§(I+F) and HAzi(I—F).

The symmetric and anti-symmetric states on C? @ C? are then defined as mg = g/ Tr(Ilg) and 74 = 14/ Tr(I14).
Since dim(Scagcd) = d(d +1)/2 and dim(Acagea) = d(d — 1)/2, we have

2 2
7d(d+1)(I+F) and ﬂA:id(d—l)

s =

(I F).

Werner states on C? @ C? are states which are convex combinations of the symmetric and anti-symmetric states
ms and w4. They have the form
ox=Amg+ (1 = N)ma, (2.5)

for0 <A<

Proposition 2.3.17. For 0 < A < 1, let o) be the corresponding Werner state, as defined by equation (2.5)). The
following statements are equivalent:

1. oy is separable;
2. oy is PPT;
3. 1/2< A< L
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2.4 Observables and measurements on tensor product Hilbert spaces

Let H =H1 ®--- ® H, be a multipartite Hilbert space.

2.4.1 Local and separable observables

Definition 2.4.1. A Hermitian operator X on H is called local if it can be written as a tensor product of Hermitian
operators on Hy, ..., Hny, i.e. if there exist Hermitian operators X1,...,X, on Hy,..., H, such that

X=Xi® X,
Observe that a local observable X = X; ® --- ® X,, can be written as
X=X19L® L) (LHheXel® -1, Lo L 20X, 1 @L)(LH® - ®1,-1®X,),

where the product can actually be taken in any order since the involved operators commute. So performing the
observable X on a composite system H can be seen as each local observer k performing the observable X} on its
sub-system . This is where the denomination ‘local’ comes from.

For observables that are positive semi-definite, one can straightforwardly define the subset of separable observ-
ables, which are nothing else than non-negative linear combinations of local positive semi-definite observables.

Definition 2.4.2. A Hermitian positive semi-definite operator X on H is called separable if it can be written as a
non-negative linear combination of local Hermitian positive semi-definite operators on H, i.e. if there exist Hermitian

positive semi-definite operators Xl(i), e ,X,(f) onHi,...,Hn, 1 <i<r, non-negative numbers u, ..., i such that
T
i=1

An equivalent way of characterizing that a Hermitian positive semi-definite operator on H is separable is by
saying that it belongs to the cone generated by the set of separable states on H. That is, given X € B(H) such
that X* = X and X > 0, it is called separable if there exist p > 0 and p € S(H) such that X = pp. In fact, a
similar observation can be made for the set of all Hermitian positive semi-definite operators on #: they can be seen
as belonging to the cone generated by the set of all states on H. That is, given X € B(H) such that X* = X and
X >0, there exist u > 0 and p € D(H) such that X = up.

2.4.2 Local and separable measurements

Definition 2.4.3. A measurement M = (M;);c; on H is called local if it can be written as a tensor product of
measurements on Hy, ..., Hy, i.e. if there exist I1,...,1I, such that I = I; x --- x I, and measurements MO =

(Mi(ll))ileh,...,M(”) = (Mi(:))i,,eln on Hi,...,H, such that

Vi € Il, ceyin € In, M; = Mil'“in = Mi(ll) - ® Mz(:)

Just as for local observables, local measurements on composite systems can be seen as a sequence (in any order)
of measurements performed by local observers on their sub-system. If the system H is in a global state p, then the
probability that observer 1 obtains outcome i1, observer 2 obtains outcome s, etc, is given by

Pylin,vin) = Tr (M @0 M) ).

And, denoting by py the reduced state of p on sub-system Hj, the probability that observer k obtains outcome i
(whatever the outcomes of the other observers) is given by

P, (i) = > Py(ity e eyihty ik iksts -y in)
1€, k1€ —1,0k41€E k41,0 sin €ln
= 3 Tr ((Mff) oM VeMPeMiVg. g ij)) p>

1€, k1€ —1,tk41€ k41, in €ln

ZTF((11®--~®Ik—1 ®Mi(f) ® Tyt ®"'®In) P)
= IPPk (ik)a
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where the third equality is because Zilell Mi(ll) =1, foreach 1 <l < n.

Note that, if p = p; ® - - - ® p,, for some states p1,...,pn on Hy,..., H,, then
Vivehine Ly T (MP @ o M) p) =1 (M0 p1) %o e (M50,

which means that
Vi € I,...,0n € 1,, ]Pp(il,...,in) :Ppl(il) X e X Ppﬂ(ln)

This shows that, if the system is in a product state, then the measurement outcomes of the n observers are
independent from one another.

Remark 2.4.4. We see from the above discussion that the outcomes of local measurements are correlated as soon
as the state p is not product, even if it is separable. So the probability distribution of outcomes P, reflects both the
classical and the quantum correlations present in p.

Example 2.4.5. Let us look at an exzample in the simplest case where n = 2 and H, = Ha = C2. Suppose that both
local observers perform the same measurement (|e1)e1],|ea)Xesa|) on a global system in the Bell pair state p = [},
as introduced in Example[2.3]) i.e.

p= % (JerXe1| ® ler)er| + |e1)ez| ® |e1)ez| + |ea)er] @ [ea)er] + [e2)(ea] @ [e2)ez]) -

It is easy to check that observer 1 has equal probabilities 1/2 of obtaining outcomes 1 and 2. And if they obtain
outcome 1, then the post-measurement state is |e1)Xe1|®|e1)e1], so observer 2 then obtains outcome 1 with probability
1. While conversely, if they obtain outcome 2, then the post-measurement state is |ea)(ea]| ® |ea)ez|, so observer 2
then obtains outcome 2 with probability 1. Another way of putting it is to say that it cannot be that observers 1 and
2 obtain different outcomes: they can obtain either both outcome 1 or both outcome 2, with equal probabilities 1/2.
This illustrates that on an entangled state, local measurement outcomes might be (highly) correlated.

A slight generalization of local measurements are so-called LOCC measurements, where LOCC stands for local
operations and classical communication. The setting is the following: local observer k; performs a measurement
on their sub-system and communicates the outcome to the others, based on this outcome local observer ko decides
which measurement to perform on their sub-system and communicates the outcome to the others, etc. Giving a
mathematical description of the full set of LOCC measurements on multipartite systems, without any limitation
on the number of communication rounds, is quite cumbersome. We thus limit ourselves to formally defining the set
of so-called 1-way LOCC measurements on bipartite systems. The latter setting is when there is only one round
of communication from observer 1 to observer 2, i.e. observer 1 performs a local measurement, communicates the
outcome to observer 2, who decides accordingly which measurement to perform.

Definition 2.4.6. A measurement M = (M;);cr on Hi ® Ha is called 1-way LOCC if there exist I, Is such that
I =1, x Iy and measurements M(1) = (Mi(ll))ileh on Hi, M) = (Mi(f)“))izejz on Ha, i1 € I, such that

Vi1 € g € Iy, My = Miyi, = MY @ M.

LOCC measurements are considered the most general kind of measurements that local observers can implement.
Since this set of measurements is mathematically hard to describe, we also introduce the larger set of separable
measurements, whose definition is straightforward. The interest in practice is the following: if one can show that
a given task cannot be achieved with separable measurements, then it necessarily cannot be achieved with LOCC
measurements neither.

Definition 2.4.7. A measurement M = (M;);c; on H is called separable if, for each i € I, the Hermitian positive
semi-definite operator M; is separable.

2.5 Entropy and correlations in multipartite systems

In this section we slightly change our notation. We denote bipartite systems as Ha ® Hp instead of H; ® Ho
and tripartite systems as Ha ® Hp ® Hce instead of Hi ® Ha ® Hs. The reason is that we are going to introduce
information theoretic notions, in a quantum setting, and we want to stick to the notation that is commonly used
in classical information theory.
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2.5.1 Entropic inequalities

Lemma 2.5.1. The relative entropy satisfies the following properties:
1. for all state pap on Ha @ Hp, S(pasllpa ® pr) = S(pa) + S(ps) — S(pas);
2. for all states pa,oa on Ha and pp,op on Hp, S(pa ® pplloa @ o) = S(palloa) + S(pslos).

Corollary 2.5.2. The von Neumann entropy is subadditive. This means that, for any state pap on Ha @ Hp,

S(pap) < S(pa) + S(pp).
And there is equality in the above inequality iff pap is a product state, i.e. pap = pa ® pB-

Proof. By Lemma [2.5.1] we see that S(pa) + S(pg) — S(pas) = S(papllpa ® pg). So by non-negativity of the
relative entropy, S(pa) + S(ps) — S(pap) = 0. O

Definition 2.5.3. Given a state pap on Ha Q@ Hp, its mutual information is defined as
I(A: B), = S(pa) + S(p5) — S(pan).
Proposition 2.5.4. Let d = min(da,dg). For any state pap on Ha ® Hp, we have
0<I(A:B), < 2log(d),

with equality in the first inequality iff pap is a product state and in the second inequality iff pap is a mazimally
entangled state.

Proof. Let us start with the lower bound. By Lemma [2.5.1] we see that we can rewrite the mutual information as
I(A:B), = S(papllpa @ pp). So by non-negativity and faithfulness of the relative entropy, I(A:B), > 0, with
equality iff pap = pa ® pp.

Let us now move on to the upper bound. If p4, pp are reduced states of a joint state pap, then S(pa), S(pp) <
log(d). Hence I(A:B), = S(pa)+S(ps)—S(paB) < S(pa)+S(ps) < 2log(d). And there is equality in the second
inequality iff p4p is maximally entangled (which guarantees that there is also equality in the first inequality). O

We see from the above proof that the mutual information of p4p can be equivalently expressed as

I(A:B), = S(pasllpa ® pp).

It can thus be seen as a distance measure between ps4p and pa ® pp, i.e. as quantifying the amount of correlations,
both classical and quantum, in p4p. Indeed, contrary to an entanglement measure, that is equal to 0 as soon as
pap is separable (i.e. has no quantum correlations), the mutual information is not equal to 0 on separable states
that are not product (i.e. that have classical correlations).

Lemma 2.5.5. The relative entropy is invariant under unitary conjugations and non-increasing under the action
of quantum channels. This means that for any states p,o on H, we have, for any unitary U € B(H),

S(UpU™|UcU") = S (pllo) ,
while for any completely positive and trace-preserving linear map ® : B(H) — B(K),
S(@(p)[[®(0)) < S (pllo)-

The physical interpretation of Lemma is that irreversible transformations make quantum states less dis-
tinguishable from one another. A particular case of interest is when H = Ha ® Hp, K = Ha and & = Try, is
the partial trace over Hp. We then get the following inequality, relating the relative entropy between two bipartite
states and the relative entropy between their reduced states: for all states pag,cap on Ha ® Hp,

S(palloa) < S(paglloas).

Corollary 2.5.6. The von Neumann entropy is strongly subadditive. This means that, for any state papc on
Ha®@Hp®He,

S(pasc) + S(pc) < S(pac) + S(pse)-
And there is equality in the above inequality iff papc is a Markov state, i.e. there exist a direct sum decomposition
of He as He = @, Hoa @Her and states poa, ppor on Hoa, Her such that papo can be written as a convexr
combination papc =Y., PiPaca @ PpoE-
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2.5.2 Correlations vs mutual information

Definition 2.5.7. Let pap be a state on HaQ@Hp and X a,Yp be observables on Ha, Hp. We define the correlation
function

Yp(Xa,Yg) = |Tr (Xa ®YB) pap) — Tr (Xapa) Tr (Yepp)| = (Xa @ YB)pan — (Xa)pa(YB)psl -

The quantity v,(X4,YR) is nothing else than the difference (in absolute value) between the expectation value
of the observable X4 ® Yp, when computed on the state pap, and the product of the expectation values of the
observables X4 and Yp, when computed on the states p4 and pp respectively. So it measures the amount of
correlations that are created between the expectation values of the observables X 4 and Yz when they are computed
jointly on the bipartite state pap, compared to when they are computed separately on ps and pp. If pap is a
product state, we clearly have v,(X4,Yp) = 0, i.e. no such correlation is created. More generally, the following
result upper bounds v,(Xa,Yg) in terms of the mutual information of pap, i.e. in terms of its distance to being
product.

Theorem 2.5.8. Let pap be a state on HaQH . For any observables X o, Yp on H A, Hp, satisfying | X allcos |YB o <
1, we have

¥p(Xa,Y5) < \/QIOg(Q)I(A:B)p.
Proof. Note that we can re-write 7,(X4,Y5) as
V0(Xa,YB) = |Tr ((pap — pa @ pp) X4 @ Yp)|.
And since || X4 ® Yg||oo < 1, we have by duality between || - ||; and || - ||oo,
I'Tr ((paB — pa ® pB) Xa ®YB)| < |lpap — pa @ pBl; -

Now, we know by Pinsker inequality that

lpaB — pa ® ppll; < /210g(2) S (paBllpa @ pB).

So we just have to recall that S(pag|lpa ® p) = I(A: B), to conclude. O
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Chapter 3

Quantum channels

Main references for this chapter:
e [I] Chapter 2 Section 2.3.
e [4] Chapter 2, Chapter 3 and Chapter 6.
e [5] Chapter 1 Section 1.7.

3.1 Definitions and first properties

A transformation of a quantum system H; into another quantum system Hs is described by a linear map ¢ from
B(H1) to B(Hz), i.e. an element of B(B(H1), B(Hz2)). In order for the linear map ® : B(H;) — B(H2) to be a
valid quantum transformation, we need it to have the property that it maps quantum states on H; to quantum
states on Ho, i.e. that ®(D(H;)) C D(Hz). For the latter to hold, we have to impose that & is

e Hermiticity-preserving and positivity-preserving (or positive in brief), i.e. for all X € B(#H;) such that X* = X

and X >0, ®(X) € B(H2) is such that ®(X)* = &(X) and ¢(X) > 0;

e trace-preserving, i.e. for all X € B(H;), Tr(®(X)) = Tr(X).

Indeed, if this is the case, then ® sends Hermitian positive semi-definite operators with trace 1 on H; to Hermitian
positive semi-definite operators with trace 1 on Hs.

However, the above conditions are not quite enough. We actually also need that, for any Hilbert space K, the
linear map ® ® id : B(H1 ® K) — B(H2 ® K) is a valid quantum transformation, i.e. that it preserves Hermiticity,
positivity and trace. Indeed, we need to take into account the fact that the system #;p, that we are acting on with
the linear map &, could be coupled with an ancillary system /C, to which we do not have access.

Definition 3.1.1. A transformation of a quantum system Hy into another quantum system Hs is described by a
linear map ® : B(H1) — B(H2), called a quantum channel, which is
e completely positive, i.e. such that for any Hilbert space K, the linear map ® ® id : B(H1 @ K) — B(H2 ® K)
18 positive;
e lrace-preserving.

Remark 3.1.2. Being completely positive is a strictly stronger constraint than being positive (in the sense that
there exist linear maps that are positive but not completely positive, as we will discuss in more details in Section
. To check that a linear map ® : B(H1) — B(Hs2) is completely positive, it is actually enough to check that the
linear map ® ®id : B(H1 @ K) — B(H2 ® K) is positive for K such that dim(K) = dim(H;).

In what follows, the linear maps we will consider will always be assumed to be Hermiticity-preserving (even if
we do not explicitly specify it). It is easy to check that a linear map ® : B(H;1) — B(Hz) is Hermiticity-preserving
iff, for all X € B(H1), (X)* = &(X™).

Given a (Hermiticity-preserving) linear map ® : B(H;1) — B(H2), its dual (Hermiticity-preserving) linear map
®* : B(Ha) — B(H1), for the Hilbert-Schmidt inner product, is defined by

V X1 € B(H1), X2 € B(Ha), Tr (2*(X2)X1) = Tr (Xo2®(X1)) . (3.1)

Theorem 3.1.3. Given a linear map ® : B(H1) — B(Hz) and its dual linear map ®* : B(H3) — B(H1), we have
the following equivalences:
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1. ® is positive iff ®* is positive;
2. & is completely positive iff ®* is completely positive;
3. @ is trace-preserving iff ®* is unital, i.e. such that ®*(Ip,) = Iz, .

Proof. To prove point (1), we just have to observe that ® being positive is equivalent to ®(X;) > 0 for all X; > 0,
ie. Tr(Xo®(X1)) > 0 for all X;,Xs > 0, while ®* being p051t1ve is equivalent to ®*(X3) > 0 for all X, > 0,
ie. Tr (X19%(X3)) = 0 for all X1, X> > 0. Now, by equation (3.1), we know that Tr (X;®*(X2)) = (X2<I>(X1))
for all X7, Xo, so the two conditions are indeed equivalent.

To prove point (2) we apply the same reasoning as to prove point (1) to ® ® id, simply noting that (® ®id)* =
¢* ®id.

Finally, taking X, = I in equation (3.1), we get that Tr(®(X;)I) = Tr(®*(I)X;) for all X;. Substracting Tr(X;)
on both sides, we thus have that Tr(®(X;)) — Tr(X;) = Tr((®*(I) — )X;) for all X;. Now, the left-hand side of
the latter equality being equal to 0 is equivalent to ® being trace-preserving, while its right-hand side being equal
to 0 is equivalent to ®* being unital. So we have indeed proven the equivalence claimed in point (3). O

Let 1 < p,q < 00, and let 1 < ¢’ < oo be such that 1/g+ 1/¢' + 1. Given a linear map ® : B(H1) — B(Ha2), its
p-to-¢ norm is defined by

1®]lp—q = sup {@(X1)llq : X1 € B(Ha), [ Xall, <1}
= sup {|Tr (®(X1)X2)[ : X1 € B(Ha), [Xull, <1, Xo € B(H2), [|Xally <1}

Proposition 3.1.4. Given a linear map ® : B(H1) — B(H2) and its dual linear map ®* : B(Ha) — B(H1), we
have
[@ll151 = 12 floc—o0-

Furthermore, if ® is positive, then both norms are equal to [|P*(I)]|co-

Proof. The first claim follows directly from the definition of the 1-to-1 and oco-to-oo norms, together with the
observation that 1 and oo are dual indices. We thus have

[®[[1-1 = sup {|Tr (®(X1)X2)| : X1 € B(Ha), | Xa]1 <1, X2 € B(Ha2), [ Xallw < 1},
[ [|oo 00 = sup {|Tr (®*(X2)X1)| : X2 € B(Ha), [ Xallow <1, X1 € B(H1), [ Xull1 <1},

Now, by equation , we know that the right-hand sides of the two equalities above are equal to one another,
and hence the left-hand sides as well.

In order to prove the second claim, we will admit the following fact: if a linear map W is positive, then
1P(X) oo < 1¥(D)]|ool| X |0 for any X, ie. ||¥]|comoo < [[¥(I)||oo, and there is in fact equality since ||I|jcc = 1. We
now just have to apply this result to ®*, which is positive if ® is positive, by Theorem [3.1.3 O

As an immediate consequence of Proposition we have that, if ® : B(H;) — B(H2) is a positive and
trace-preserving map, then ®, resp. ®*, is contracting for the 1-norm, resp. co-norm. This means that

V Xy € B(H1), |2(X0)[lr < [[Xafly and VX5 € B(Ha), [[2(X2)o < [[X2oo-
Indeed, in such case we have the chain of equalities

[@l1s1 = [[®*loso0 = [ (Dloc = [Mlloo = 1.

3.2 Representations of quantum channels

3.2.1 Choi representation

Linear maps between spaces of operators B(?1) and B(H2) are sometimes referred to as super operators. We first
observe that there is a one-to-one correspondence between such super operators and operators on Ho ® H1. Indeed,

fixing {e1,...,eq, } an orthonormal basis of H1, we have the following isomorphism:
dy
C:® € B(B(H1), B(H2)) = > @(|ei)e;]) @ les)e;| € B(Ha @ Ha). (3.2)
i,j=1
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We call C(®) the Choi matrix of ®. One can recover ® from the knowledge of C'(®) through
V X1 € B(H1), X2 € B(H2), Tr (X2®(X1)) = Tr (C(®) X, ® X7 ), (3.3)

where we used the short-hand notation X{ = T'(X;) for the transposition with respect to the orthonormal basis
{61, .. .,edl}.

Let us make the following simple but useful observation. Denoting by [¢}| the maximally entangled state on
Hi ® H;y (in the orthonormal basis {e1,...,eq,}), i.e.

dq
XYl = 1 D leakesl ® lesesl,
ij=1
we can rewrite C(®) as
C(®) = di x @ @ id(|[¥)y)). (34)

The definition of the Choi matrix depends on the choice of orthonormal basis, but the following properties of
the Choi matrix do not.

Theorem 3.2.1. Given a linear map ® : B(H1) — B(Hs3) with associated Choi matriz C(®) € B(Ha @ Hy), we
have the following equivalences:

1. ® is completely positive iff C(®) > 0;

2. @ is trace-preserving iff Try, (C(P)) = Iy, ;

3. @ is unital iff Tryy, (C(®)) = Ipy,.

Before we go into the proof, let us point out the following useful fact. Given a unit vector ¢ € H; ® Hq, it

can always be written as ¢ = (I® Z)v for some maximally entangled unit vector ) € H; ® H; and some operator
Z € B(H1). Indeed, if ¢ has Schmidt decomposition

dy
Y = Z \/)Tiui & v;,

i=1

we just have to take
dl dl
1
’QZJ: 7ZUZ®’LLZ and Z = Z\/ dl)\2|vz><uz|

\/a i=1 i=1

Proof. Let us start with proving point (1). Suppose that ® is completely positive. Then by definition ® ®id(X) > 0
for any X > 0, so in particular ® ® id(|y)Xv|) > 0 for |¢)v)| the maximally entangled state. From the observation
made in equation that C(®) = dy x ® ®id(|¢))v)|), we have proved (=-). Suppose now that C(®) > 0, i.e. by
the same observation as before that ® ® id(]i))(x0|) > 0. Given any unit vector ¢, we have just seen that it can
always be written as ¢ = (I ® Z)1 for some maximally entangled unit vector ¢ and some operator Z. Hence,

P @id(jppl) = e@id((Ie 2)[PX¢|(Ie 27)) = 1@ Z) @ @id(j¢)X¢]) (Te Z7) > 0,

where the last inequality is because, for M > 0, YMY™* > 0 for all Y. Consequently, given any X > 0, which can
always be decomposed as X = >""_, j1;]¢;)¢p;| for some positive numbers y; and some unit vectors ¢;, we have by
linearity that ® ® id(X) > 0.

Let us now turn to proving point (2). By the definition of C(®), we have

dy
Try, (C(®)) = D Tr(®(leies])) leies]-
i,j=1
It is thus clear that Try, (C(®)) = Iy, is equivalent to
V1<i,j<dy, Tr(@(leife;])) = 0i; = Tr(lei)e;])
which is itself equivalent to

VX € B(H), TH(®(X)) = Tx(X),
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i.e. to @ being TP.
We can finally prove point (3) in a similar fashion. By the definition (3.2) of C(®), we have

Trq.[l Z‘P |€1 €z| <Zel 61|> (I'Hl)

It is thus clear that Try, (C(®)) = Iy, is equivalent to ®(Iy, ) = Iy,, i.e. to @ being unital.
O

What point (1) of Theorem tells us is that, in order to check that the linear map ® ®id preserves positivity,
we do not have to check that ® ® id(X) > 0 for all X > 0: it is enough to check that ® ® id(|¢))}v]) > 0.

3.2.2 Kraus representation

Theorem 3.2.2. A linear map ® : B(H1) — B(Hz) is completely positive iff there exist r € N and Ky,..., K, €
B(H1,Hs2) such that

V X € B(H,), ZK XK}, (3.5)

The fact that ® is trace-preserving, resp. unital, is equivalent to Zz’:l KIK,; =1Iy,, resp. Z;ﬂ:l KK =1y,.

Expression is called a Kraus representation of ®, with Kraus operators Ky, ..., K,. Such Kraus repre-
sentation is not unique. For quantum channels, the possible ambiguity is well-identified: Two sets of operators
{Ki,...,K,} and {Lq,...,L,} are Kraus operators associated to the same trace-preserving completely positive
linear map iff there exists a unitary U € M,.(C) such that, forall 1 <i < r, L; = Z;Zl Ui; K;.

Proof. By Theorem we know that ® being completely positive is equivalent to C(®) > 0, i.e. to the fact
that it can be written as C(®) = Y_._, |v;)v;], for some vectors v;. Next, we recall that, as explained in Section
elements of Ho ® H1 can be identified with elements of B(H1, Hs2). With this in mind, we will now make the
following observation: If C(®) = |v)v|, for some vector v, then ® : X — M, X MY, where M, is the matrix version
of v. And conversely, if ® : X — KXK*, then C(®) = |px X¢k|, where ¢ is the vector version of K. Hence, if
C(®) = X0, |vi)Xvi|, we get an expression of the form for ® by defining K; = M,,, 1 <4 < r. And conversely,
if ® admits an expression of the form (3.5)), we get that C(<I>) =3 ek X

Next, suppose that ® has Kraus operators Ky,...,K,. First, ® being unital is equivalent to ®(Iy,) = Iz,,
i.e. by takmg X = Iy, in equation (3.5 , Yo KK =1y, Second ® being trace-preserving is equivalent to ®*
being unital. It is easy to check that <I>* has Kraus operators K7, ..., K. So by the same argument as before the
latter is equivalent to >, K7 K; = Iy, . a

3.2.3 Stinespring representation

Theorem 3.2.3. A linear map ® : B(H1) — B(H2) is completely positive iff there exist r € N, a Hilbert space K
with dAim(KC) = r and an embedding V : Hy — Ha ® K such that

V X € B(H,), ®(X) =Trc (VXV*). (3.6)

The fact that ® is trace-preserving, resp. unital, is equivalent to V*V = Iy, (i.e. to V being an isometry),
resp. Trig(VV*) = Iy,.
Expression (3.6]) is called a Stinespring representation of ®, with Stinespring embedding V.

Proof. Assume that ® is completely positive. By Theorem [3.2.2] this means that there exists a Kraus representation
of the form (3.5)) for . We now set K = C", let {ey,...,e,} be an orthonormal basis of K, and define V : H; —
Ho ® K by

Vet Vig)=> Kilp)@le) € Ha®@ K.

i=1

It is easy to check that we then have

VX €B(M), VXV* = Y K XK ®|ei)e;| € B(Ha @ K),
i,j=1
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and hence

V X € B(H,), Tr(VXV¥) ZK XK = ®(X).

Conversely, assume that ® can be written in the form (3.6). Then, setting K; = (I, ® (e;|)V € B(H1, H2) for

1 <v < r, we have
T

VX € B(M1), ®(X) = (a[VXV*|e;) =Y K XK.
i=1 ‘
By Theorem this means that ® is completely positive.

Next, suppose that ® has Stinespring embedding V. First, ® being unital is equivalent to ® (I3, ) = I3,, i.e. by
taking X = Iy, in equation , Tri(VV*) = Iy,. Second, ® being trace-preserving is equivalent to ®* being
unital. It is easy to check that the action of ®* can be described by ®*(X) = V*(X ®I)V. So by the same argument
as before, ®* being unital is equivalent to V*V = Iy, . O

In the case where H; = Ho = H, the Stinespring representation of a quantum channel (as defined in Theorem
above) can be reformulated as a so-called open system representation (as defined in Corollary below).
The latter is obtained by lifting the Stinespring isometry V from H to H ® K to a unitary U on H ® K together
with some resource state |¢)p| on K.

Corollary 3.2.4. Let ® : B(H) — B(H) be a completely positive trace-preserving linear map. There exist r € N,
a Hilbert space KC with dim(K) =, a unitary U € B(H ® K) and a unit vector ¢ € K such that

VX € B(H), ®(X) =Trx (U (X @ [pXe|) UT). (3.7)

Proof. We know from Theorem [3.2.3 that the action of ® can be described by ® : X — Trc(VXV*) for some
isometry V' : H — H ® K. Now, pick a unit vector ¢ € K, and define the isometry U:H® span{p} — H ® K by
U:x® @ Vx. Since H® span{go} is a subspace of H ® K, U can be extended to a unitary U on H ® K. By the
way it is defined, such unitary U indeed satisfies, for all X € B(H), Tric(VXV*) = Tr(U (X ® |eXp|) U*). O

Remark 3.2.5. The smallest r such that a Kraus decomposition of ® with r Kraus operators exists is the same as
the smallest r such that a Stinespring representation of ® with dim(K) = r exists. This number is called the Kraus
rank of ®. It is also equal to rank(C(®)), the rank of the dida x d1ds matriz C(®), and is therefore always at most
dids.

3.3 Important examples of quantum channels

3.3.1 Unitary and mixture of unitary channels

The simplest type of quantum channels are unitary channels, which are of the form:
®:X e B(H)—~ UXU" € B(H),

for some unitary operator U on H. Such channel is unital and has Kraus rank 1. It is also reversible. Indeed, we
have: &' = ®*: X € B(H) — U*XU € B(H).
A generalization of the above are unitary mixture channels, which are of the form:

®:X € B(H)~ > NUXU; € B(H),

i=1

for some unitary operators Uy,...,U, on H and some non-negative numbers Aq,..., A, summing up to 1. Such
channel is unital and has Kraus rank at most . As soon as r > 1 (and Uy # Us), it is not reversible. The Kraus
rank can thus be seen as measuring the ‘amount of irreversibility’.
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3.3.2 Depolarizing and dephasing channels

The fully depolarizing channel IT on H = C¢ is the channel that maps any input state to the maximally mixed state
I/d. It is thus defined as

I
II: X € B(H) — Tr(X)g € B(H). (3.8)
Such channel is unital and has maximal Kraus rank d?. It can indeed be seen as a channel that is ‘maximally
irreversible’; since all information on the input state is lost.

A generalization of the above is the family of depolarizing channels {II}o<i<1 on H = C?, which are mixtures
of the identity channel id and the fully depolarizing channel II, i.e.

My X € B(H) s Md(X) + (1 — MII(X) = AX + (1 — ) Tr(X)é € B(H). (3.9)

Such channel is unital and has maximal Kraus rank d? (unless A\ = 1).
Another generalization of the fully depolarizing channel is the channel II, on H = C¢ that maps any input state
to a given state o on C%. It is thus defined as

I, : X € B(H) — Tr(X)o € B(H).

Such channel has Kraus rank d x rank(c).
The fully dephasing channel A on H = C? is the channel that maps any input state to its diagonal part, with

respect to a fixed orthonormal basis {ej, ..., eq} of C4. It is thus defined as
d
A:X eB(H)— Z(ei|X|ei>|ei><ei| € B(H). (3.10)

=1

Such channel is unital and has Kraus rank d.

3.3.3 Quantum-to-classical and classical-to-quantum channels

A measurement procedure can also be seen as a quantum channel, often referred to as a quantum-classical channel.
Indeed, given a measurement M = {M;}1<i<n, on H (ie. M; 20,1 <i<n,and > | M; = Iy), we can define the
associated channel ®y; : B(H) — B(C") as

Dy X € B(H) — iTr(MiXﬂei)(ei\ € B(C™), (3.11)

=1

where {eq,...,e,} is a fixed orthonormal basis of C". Such channel sends a quantum state p on C? on a classical

probability distribution p = (Tr(Mip), ..., Tr(M,p)) in R™ (which is encoded in the diagonal of an n x n matrix).
The dual concept is that of a so-called classical-quantum channel, which implements a preparation procedure.

Given a collection of states ¥ = {o; }1<i<n On H, we can define the associated channel ®y. : B(C") — B(H) as

n

Py X € B((Cn) — Z<€i|X|€i>Ui S B(H), (3.12)
i=1
where {ej,...,e,} is a fixed orthonormal basis of C. Such channel sends a classical probability distribution p in

R™ (which is encoded in the diagonal of an n x n matrix) on a quantum state p = Y. | p;o; on C?.

Remark 3.3.1. The claim that the concepts of quantum-to-classical and classical-to-quantum channels are dual
to one another can actually be made more precise. In order for the dual ®* of a quantum channel ® to be itself
a quantum channel, we need ® to be unital. Now, for a quantum-classical channel, of the form given by equation
, to be unital, we need to impose that n = d and that there exists {ui,...,uq} an orthonormal basis of C?
such that M; = |u;Xu;| for all 1 < i < d. This means that we actually need the quantum-classical channel to be a
fully dephasing channel, as introduced in equation . If this is so, then its dual is indeed a classical-quantum
channel, of the form given by equation , with n = d and o; = |u; {u;| for all 1 <4 < d.
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3.3.4 Entanglement-breaking and PPT-binding channels

A quantum channel ® : B(H;) — B(H2) is called entanglement-breaking if, for any Hilbert space K, the quantum
channel ® ®id : B(H1 ® K) — B(H2 ® K) maps any input state to a separable state, i.e.

VpeDH ®K), ®®id(p) € S(Ha ® K).

This is actually equivalent to C(®) being a separable operator on Ho®H; (i.e. a non-negative multiple of a separable
state).

Entanglement-breaking channels are sometimes referred to as quantum-classical-quantum channels. Indeed,
a channel is entanglement-breaking iff it can be written as the composition of a quantum-classical channel and a
classical-quantum channel. The latter is itself equivalent to having a Kraus decomposition where all Kraus operators
have rank 1.

Similarly, a quantum channel ® : B(H;) — B(H2) is called PPT-binding if, for any Hilbert space K, the
quantum channel ® ® id : B(H; ® K) — B(H2 ® K) maps any input state to a PPT state, i.e.

VpeDHL®K), P®id(p) € P(H2® K).
This is actually equivalent to C'(®) being a PPT operator on Hs ® H; (i.e. a non-negative multiple of a PPT state).

Remark 3.3.2. We see from the above discussion that, in order to check that a quantum channel ® is entanglement-
breaking, resp. PPT-binding, it is not necessary to check that ® ®id(p) is separable, resp. PPT, for any input state
p: it is enough to check it for p = [Y)¥| a maximally entangled state.

3.4 Positive but not completely positive maps

3.4.1 Entanglement detection

Linear maps between spaces of operators that are positive but not completely positive do not correspond to physical
transformations. However, we will see that they are important tools for detecting the entanglement of bipartite
states.

On a system H; ® Ha, if a state p is separable, then for any positive (but not necessarily completely positive)
map ® : B(H1) — B(Hz), ® ® id(p) € B(H2 ® Ha) is positive semi-definite. Indeed, it is clear that the latter is
true if p = p1 ® po is product, as ® ® id(p1 ® p2) = P(p1) ® p2 = 0. And positivite semi-definiteness is preserved
under convex combination. It turns out that this actually constitutes a characterization of separable states.

Theorem 3.4.1. A state p on H1 ®Hs is separable iff for any positive linear map ® : B(H1) — B(H2), P®id(p) €
B(Ha ® Ha) is positive semi-definite.

Proof. The ‘only if’ part of the statement is clear, and explained just above. As for the ‘if’ part, it is a direct
consequence of Theorem Indeed, assume that a state p on H; ® Ho is entangled. Then by Theorem [2.2.2]
we know that there exists a Hermitian operator W on H; ® Ho such that Tr(Wp) < 0 while Tr(Wo) > 0 for all
separable state o0 on H; ® Hy. By the Choi isomorphism, as described by equation , we know that there exists
a linear map ®* : B(H2) — B(H1) such that W = C(®*). Such ®* satisfies, for all X; € B(H1), X2 € B(Hz2) with
X1, X2 20,

Tr (X190°(X2)) =Tr (C(@") X1 @ X7 ) =Tr (WX, ® X7) >0,

where the first equality is by equation and the last inequality is by assumption on W (since X;, XJ > 0 and
thus X; ® X7 is a non-negative multiple of a separable state). This shows that ®* : B(H) — B(H1), and hence
® : B(H1) — B(H2) as well, is a positive linear map. What is more, denoting by [¢)}t| the maximally entangled
state on Hy ® Ha, we have

. . 1 . 1
Tr ([)(¢| @ ®@id(p)) = Tr (" @ id([9)]) p) = d*QTr(C(@ )p) = A (Wp) <0.
This shows that ® ® id(p) € B(H2 ® Hz) is not positive semi-definite. O

The content of Theorem [3.4.1| can be rephrased as the following entanglement detection statement: If a state p
on H; ® Ho is entangled, then there exists a positive (but not completely positive) map ® : B(H;) — B(H2) such
that ® ® id(p) € B(H2 ® Haz) is not positive semi-definite. Such map ® is said to detect the entanglement of p
(since on the contrary, for any separable state o on H1 @ Ha, ® ® id(0) € B(H2 ® Ha) is positive semi-definite).
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The most obvious example of a map that is positive but not completely positive is the transposition T': B(H1) —
B(H1). And indeed, transposition detects some entangled states, namely those that are not PPT. But we also know
that it does not detect all entangled states, as there exist states that are PPT and nevertheless entangled. What
Theorem tells us is that looking at all positive maps rather than just a specific one actually allows to detect
all entangled states.

3.4.2 n-positivity

Definition 3.4.2. Let n € N. A linear map ® : B(H1) — B(H2) is called n-positive if the linear map ® ® id :
B(H1®C") — B(H2 ® C™) is positive. We denote by P, (H1,Hz2) the set of n-positive linear maps from B(H1) to
B(Hs).

Clearly, if ® : B(H1) — B(H2) is n-positive, then it is automatically m-positive for all m < n. What is more,
a l-positive map is nothing else than a positive map, while for all n > d; an n-positive map is nothing else than a
completely positive map. Denoting by P(H1, Hs), resp. CP(H1,Hz2), the set of positive, resp. completely positive,
linear maps from B(#H;) to B(Hz), we thus have the chain of inclusions:

CP(H1,H2) = Pd1 (Hl,Hg) C Pd1_1(H1,H2) c---C PQ(H1,H2) - Pl(Hl,HQ) = P(H1,H2).

Theorem 3.4.3. Given a linear map ® : B(H1) — B(H2) with associated Choi matriz C(®) € B(Hs @ H1), we
have the following equivalence: For any n < dyi, ® is n-positive iff (¢|C(P)|p) = 0 for all ¢ € Ho @ H1 with Schmidt
rank at most n.

Proof. By definition, ® being n-positive is equivalent to ® ® id(Je)Xp|) = 0 for all ¢ € H; ® C". Embedding
C™ into H;, the latter is equivalent to ® ® id(|e)p|) = 0 for all ¢ € H; ® Hy with Schmidt rank at most n.
Now, such ¢ € H; ® H; can always be written as |p) = I ® Z|¢) for some Z € B(H;) with rank at most
n and ¥ € H; ® H; maximally entangled. We thus have that ® being n-positive is equivalent to (I® Z)® ®
id(Jo)y)Ie Z*) = (12 Z2)C(P)(I® Z*) > 0 for all Z € B(H;) with rank at most n. Now, the latter is equivalent
to (x|I® Z2)C(®)I® Z*)|x) = 0 for all Z € B(H,) with rank at most n and all x € Ha ® H;. And since any
¢’ € Ha ® H1 with Schmidt rank at most n can be written as |¢’) = (I® Z*)|x) for some Z € B(H1) with rank at
most n and some y € Ho ® H1, we have actually proven the desired equivalence. O

3.5 Outputs of quantum channels

3.5.1 Spectral properties

If a linear map has same input and output spaces, we can assign a spectrum to it. Given a linear map ® : B(H) —
B(H), its spectrum spec(®) is defined as

spec(®) ={AeC:3 X € B(H): ?(X) = X}.

If A € C is such that ®(X) = AX for some X € B(H), we call it an eigenvalue of ®. If X € B(H) is such that
®(X) = AX for some A € C, we call it an eigenvector of ® (even though it is an operator). We further define the
spectral radius of ®, which we denote o(®), as

o(®) = sup {|A| : A € spec(P)}.

We have already explained, in Section that linear maps on C?% can be identified with C? ® C?. Similarly,
linear maps on Mg4(C) can be identified with My4(C) ® M4(C). Hence, to any linear map ® : My(C) — My(C),
we can associate its matrix version Mg € M4(C) @ My4(C) = M42(C). And the spectrum of ® is nothing else than
the spectrum of the d? x d? complex matrix M.

Theorem 3.5.1. Let ® : B(H) — B(H) be a positive linear map. Its spectral radius always satisfies
o(®) < [[2(1)]] -

If ® is additionally trace-preserving or unital, then o(®) = 1 and 1 € spec(P).
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Proof. We will admit the following fact: if ® is positive, then for any X € B(H), [|®(X)]lco < [[P(D)] ool X ||oo-
Therefore, for any A € spec(®), letting X € B(H) be such that ®(X) = AX, we have

Al X Nloo = [[2(X)[loo < [IRD)]o0 | X[ oo-

This proves that o(®) < [|P(1)]]oo-

If @ is additionally unital, then ®(I) = I, which proves both that o(®) < [|2(I)||cc = ||I|loc = 1 and that 1 is
actually an eigenvalue of ® (with associated eigenvector I). While if ® is additionally trace-preserving, we just have
to apply what precedes to ®*, which is unital and has the same spectrum as ®. O

What Theorem tells us is that a positive linear map ® : B(H) — B(H) that is either trace-preserving or
unital has all its eigenvalues lying in the complex unit disc and a fixed point, i.e. there exists X € B(H) such that
®(X) = X. In particular, any quantum channel ® : B(H) — B(H) satisfies this.

Theorem 3.5.2. Let ® : B(H) — B(H) be a positive linear map, and denote by o = o(®) its spectral radius. Then,
o is an eigenvalue of ®, and it has a positive semi-definite associated eigenvector, i.e.

IXeBH): X 20 and &(X) = oX.

Combining Theorems and we get that a positive linear map ® : B(H) — B(H) that is either trace-
preserving or unital always has a positive semi-definite fixed point, i.e. there exists X € B(H) such that X > 0
and ®(X) = X. This is in particular the case for any quantum channel ® : B(H) — B(H). Simply dividing by
the trace, we can further impose that the positive semi-definite fixed point has trace 1, i.e. is a quantum state.
Hence summarizing, we have that, for any quantum channel ® : B(H) — B(H), there exists p. € D(H) such that

D(ps) = pa-

Remark 3.5.3. The latter statement, that quantum channels always have a fized state, is in fact a direct consequence
of Brower’s fized point theorem. Indeed, a quantum channel ® is a continuous map from the non-empty compact
convex set D(H) (which is a subset of the real vector space of Hermitian operators on H), to itself. So there must
exist a fized point of ¥, i.e. p. € D(H) such that ®(p.) = p«.

3.5.2 Output entropies
Definition 3.5.4. Let p > 1. Given a state p on H, its p-Rényi entropy is defined as

Sp(p) = 1= 1og (T (7))

This definition can be extended to the case p = 1: the 1-Rényi entropy of p is the limit as p goes to 1 of its p-Rényi
entropy, which actually coincides with its von Neumann entropy, i.e.

S1(p) = lim Sp(p) = S(p) = —Tr (plog(p)) -

p—1
Note that, for p > 1, the p-Rényi entropy can be expressed in terms of the Schatten p-norm as

Sp(p) = 77— log (lply)-

We see from this observation that the definition of the p-Rényi entropy can also be extended to the case p = co as

Seo(p) = lim Sp(p) = —log ([[llc) -

p—o0

The p-Rényi entropies, for p € [1, 00], share many properties of the von Neumann entropy. In particular,
1. S, is concave.

2. Given a state p on H = C?, 0 < S,(p) < log(d), with equality in the first inequality iff p is pure and in the
second inequality iff p is maximally mixed.

3. S, is invariant under unitary conjugation, i.e. given a state p on , for all unitary U on H, S,(UpU*) = Sp(p).
4. S, is additive on tensor products, i.e. given states p,o on Hi, Ha, Sp(p @ o) = Sp(p) + Sp(0).
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Definition 3.5.5. Let p € [1,00]. Given a quantum channel ® : B(H1) — B(H2), its minimum output p-Rényi
entropy is defined as .
S (@) = min {S,(9(p)) : p € D(H1)}

In the case p = 1, we usually write S™™ instead of ST*™ for the minimum output von Neumann entropy.

For p €]1, 0], the minimum output p-Rényi entropy of a quantum channel ® is related to its 1-to-p norm.
Indeed, observe that

min {S,(®(p)) : p € D(H1)} =

= log (max {[@(p) | p € D(HA)})

and we thus have

Sy (2) = 1 _plog(H@lal)'

For a long time, a central open question in quantum information theory has been to decide whether the quantity
Sz’,”m, for p € [1, 00], is additive under tensor product, i.e. whether, for any quantum channels ® : B(#H;) — B(H2)
and @' : B(H}) — B(H}),

3 / mi ] /
Sy (@ @ @) = S (@) + S (D).

It is clear that SI’,’”" is sub-additive. Indeed,
Sy (@ @ @) = min {S,(® ® ®'(0)) : 0 € D(Hy @ H))}
<min {S,(2 @ ¥'(p®p')) : p € D(H1), p' € D(H)}
)

(@
(@
— min {5,(®(p)) : p € D(H1)} + min {5,(®'(s))) : ' € D(H})}
— SPn(®) 4+ S,

where the first inequality is because D(H; ® H}) D {p ® p' i p€D(Hi), pf € D(H})} and the second equality is
because 2R D' (p® p') = P(p) @ P'(p') and S,(T@7T") = Sp(T )—|— Sp(7'). So the question is, more precisely, whether
there exist quantum channels ® : B(H;) — B( 2) and @’ B(’H’) — B(H}) such that

S;"M(CI) ® <I)/) < S;”’"(q)) + S;mn(q)/).

In other words, we are wondering if minimizing the output entropy of a product channel ® ® ®" over product
or non-product input states is the same. In fact, it is easy to see that, for any separable state o on H; ® Hj,
Sp(@@ @' (o)) = Sy (@) + Sy (9'). So the question is whether entangled inputs allow to attain a strictly smaller
output entropy.

Note that, for p €]1, o], this problem is equivalent to deciding whether or not the 1-to-p norm is multiplicative
under tensor product, i.e. whether, for any quantum channels ® : B(H;) — B(Hz) and @' : B(H}) — B(H}),

12 @ ¥'[[1p = [|@]15p ¥ 12 15p,
or there exist quantum channels ® : B(H1) — B(H2) and @' : B(H}) — B(H4) such that
12 @ @ l1mp > [[@llisp X [127][12p-

The case p €]1, oo] turns out to be easier to handle than the case p = 1, precisely thanks to this norm formulation
of the problem. Counter-examples to the conjecture that S*" is additive were therefore first found for p €]1, oo,
and only later for p = 1.

Theorem 3.5.6. Let p €|1,00]. There exist dy € N and ¢ > 0 such that, for all d > dy, there is a quantum channel
® : B(H1) — B(Hs), with dy = cd't'/? and dy = d, satisfying

ST(D @ B) < ST(D) + S(D).

Theorem 3.5.7. There exist dy € N and ¢ > 0 such that, for all d > dy, there is a quantum channel ® : B(H,) —
B(H2), with di = cd and dy = d, satisfying

Smin(q) ® 6) < sz’n(q)) + Smm(@)
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